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Exercise 1

Show that the Cauchy problem for the Laplace equation:{
vtt + vxx = 0, (t, x) ∈ R× R,
v|t=0 = f(x), vt|t=0 = g(x)

is ill-posed in Ck(R), ∀k ∈ N.
Hint: Show that the above problem with the initial data sequence

(vn, (vn)t)|t=0 = (0, gn) = (0, e−
√
nn sin(nx))

have a unique solution vn(t, x). However for any positive time t0 > 0,

|vn(t0, x)| = |e−
√
nsin(nx)sh(nt0)| → ∞ in Ck(R).

Exercise 2

Recall the definition of the Schrödinger group S(t):

S(t)g = eit∆g = Kt ∗ g = (4πit)−
d
2

ˆ
Rd

ei
|x−y|2

4t g(y)dy. (St)

Show that the operator S(t), t > 0 does not map

• from L2(Rd) to Lr(Rd) or from Lr(Rd) to L2(Rd) if r 6= 2;

• from Lr(Rd) to Lr(Rd) if r 6= 2;

• from Lr(Rd) to Lr1(Rd) for any r > 2;

• from Hs(Rd) to Hs′(Rd) for s′ > s.

Exercise 3

Show the Hardy-Littlewood-Sobolev (generalized Young’s) inequality

‖g ∗ | · |−α‖Lq(Rn) ≤ C(m, q, α, n)‖g‖Lm(Rn),

where 1 + 1
q = 1

m + α
n , 0 < α < n and 1 < m < q <∞.

Hint: Follow the following steps:
Step1. Decompose the convolution in the following way

(
g ∗ | · |−α

)
(x) =

ˆ
|x−y|≤R

g(y)

|x− y|α
dy︸ ︷︷ ︸

(1)

+

ˆ
|x−y|>R

g(y)

|x− y|α
dy︸ ︷︷ ︸

(2)

.
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Step2. Control the term (1) by the centered Hardy-Littlewood maximal function up to a
constant which depends on R. The centered Hardy-Littlewood maximal function of f is defined
as

Mf(x) = sup
r>0

 
Br(x)

|f |

= sup
r>0

1

|Br(x)|

ˆ
Br(x)

|f |.

Step3. Control the term (2) by ‖g‖Lm(Rn) up to a constant which depends on R.
Step4. Compare the term (1) and the term (2) to choose proper R.

Exercise 4

Take ϕ ∈ C∞0 (Rd) with ϕ ≥ 0 and
´
Rd ϕ(x) = 1. Denote ϕn(x) = ndϕ(nx). If u : Rd → R is

locally integrable, we define its mollification

un = ϕn ∗ u.

Show that:

• If u ∈ Lp(Rd) with 1 ≤ p <∞, then un → u in Lp(Rd).

• If u ∈ C(Rd), then un → u uniformly on compact subsets of Rd.
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